03. Vectors, Vector Spaces, and Operators (Albert Chap 2)

I. Vectors and Vector Spaces

1. Vectors

a vector = a magnitude (“length”) and a direction «—=— a number (or “scalar”) is
just a magnitude

One way to represent vectors:

every point in z-y plane
y-awis f has a vector | A4)
associated with it
¢y

|
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|A) is a 2-dimensional vector

In this example, the collection of all vectors |A), |B), |C), ... forms a 2-dimensional

vector space, call it V.

2. Vector addition

To add vectors |A) and | B) in V, place tail of | B) to head of | A) to form a third vector in
V, |A) + | B), whose tail is the tail of |A) and whose head is the head of | B):

| B)

| 4)
|4) + [B)

3. Scalar (number) multiplication

Numbers can be multiplied to vectors. The result is another vector.

ex: 5|A) is a vector in V that you get by multiplying the vector |A) by the number 5.

Numbers can be either real (like 5) or complex (like 5 + #6). If you allow complex scalar

multiplication, then you get a complex vector space.

¢ is the unit imaginary
number defined by i = v —1



(ASIDE: Technically, what’s called a (real or complex) linear vector space V consists of the following: N
(a) A set Q of objects |A4), |B), |, ... called vectors.

(b) A map + (vector addition) that assigns to any two vectors |A), | B) in 2 another vector |A) + | B) in .
(¢) A map * (scalar multiplication) that assigns to any vector |A) in  and any number n, another vector nx|A) in Q.
(

d) The following rules for vector addition: For any vectors |A), | B), |C) in €,

i) |4+ |B)=|B) + |4) (commutativity)
i) (A +[B)+|0 =14+ (B +|0) (associativity)
(iii) There is an identity vector |I) such that |A) + |I) = | A). (identity)

(iv) Every vector |A) has an inverse -| A) such that |A) + (—|4)) = |D). (inverse)

(e) The following rules for scalar multiplication: For any vectors|A), | B) in Q2 and any numbers n, m,
(i)  nx(mx|A)) = (nm)x|A)

() (4 mpslA) = nel4) + me|4) Note: The str symil
or scatar mutttpiication S

(ili) nx(|A) + |B)) = nx|A) + nx|B) normally dropped for

(iv) 1x|A4) = |4) (where 1 is the (real or complex) number identity) notational convenience.

- J

4. Inner (or “dot”) -product

Vectors can be multiplied to each other. One type of vector multiplication is called the inner-

product. The inner-product of two vectors | A), | B) is written as (A|B) and is a number defined by:

(A|B) = |A||B| cost
angle between |A>

( x 4) and | B)
length length A

of |4) of |B) | B)

Note: This means (A|A) = |A| | A] cos(0)
= |A]?
So the length of a vector | A) is given by |A| = V(A|A)

@S’IDE: A linear vector space V equipped with an inner-product is called an inner-product space. The inrg

product can be defined as a map that assigns to any two vectors |A), | By in V, a number, and that satisfies the
following rules:

(i) (A[B) =<(B|A) (symmetry)

(i) (4|4 =0 (positive-definiteness)

(iii) (A|(nx| By + mx| C)) = n{A|B) + m(A|B)  (linearity)

This star is complex conjugation: When the
number n is complex, and hence can be written

The star down here is scalar

multiplication. Again, we normally drop

n =a + b, for real & b, then n =0- ib. the star symbol here for convenience.
When the number n is real, then n° = n.




5. Two non-zero-length vectors |A) and | B) are orthogonal (perpendicular) just when their inner-
product is zero: (A|B) = 0.

Check: (A|B) = |A| |B| cosb
=0 just when 6 = 90°, when |A| # 0 # | B

|4) (A|B) =0

Ny,
L

|B)

6. The dimension of a linear vector space is equal to the maximum number N of mutually

orthogonal vectors.

1-dim 2-dim 3-dim

7. An orthonormal basis of an N-dimensional vector space is a set of N mutually orthogonal

vectors, each with unit length (or “norm”).

[Important Note: Any N-dim vector space can have many different orthonormal bases!]

ex: Let N = 3. Then here are two different sets of orthonormal bases:

|A1>7 |A2>7 |A3> and |A1>7 |A2,>7 |A3,>




8. In an N-dimensional vector space, any vector |B) can be expanded in terms of any

orthonormal basis:

|B> = b1|A1> + b2|A2> + .+ bN|AN>

where

these are numbers called
“expansion coefficients’

bi - <Az|B>

Check:

ezample: Let

Column vectors

= (A[by]A) + (Afby Ay + .+ (AJbJAY + ... + (A]byl Ay
= b(AJA) + b(AJA) + ..+ b{AJAY + .. + b(AJAY

v
N = 3.
by S~
Tl [B) = by|Ap) + by Ay) + byl Ay
: (by, by, by)
1B) |
A |
[}
|Ap) 5 i b,
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|
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and row vectors (notation)

One way to represent vectors is in terms of their expansion coefficients in a given basis:

examples:

“bra ”—J

b, 1 0 0

by 0 0 1

“column” vector |A) |Ay) |As)
(B| = (b1*7 b2*7 bg*) “row” vector

Mket ”

\_/

the star here, again, is
complex conjugation



Matriz multiplication (Part 1): How to multiply row vectors and column vectors

Rule: “rows into columns”: Multiply first element of row by first element of column, add product
of second element of row and second element of column, add product

of third element of row and third element of column, etc..

1

(A4|B) = (1,0,0)| by | = (1 %xDb)+ (0%xby) + (0% by) =b

S| oS O

3

II. Operators

1. A linear operator O is a map that assigns to any vector | A), another vector O|A), and that

obeys the rule:
O(n|A) + m|B)) = n(0|A)) + m(O|B)) |B) is any other vector and

n, m are any numbers

ezample:  Rotation operators. Let R be a linear operator that assigns to any vector

another one that is rotated clockwise by 90° about vector |C).

1O)

14)

v

R|B) |B)
R|A)

2. Matrix representation of linear operators

One way to represent an operator is in terms of its components in a given basis.

The components O, of an operator O in the basis |A}), [A,), ..., |Ay) are defined by:

_ These are numbers: the result
Oij - <Al| O|Aj> of taking the inner-product of
the vectors |A) and O|A).

The components of a linear operator form a matriz: O,

N

#th row jth column



example: 2-dimensional operator O in |A,), |A,) basis.

Oy (O Column and row vectors are special

0= cases of matrices: A column vector is
O, O, a matriz with a single column; a row
\ vector is a matrix with a single row.

2 X 2 matrix

Matriz multiplication (Part 2): How to multiply matrices

To multiply two matrices A and B:

(1) First check: The number of columns of A must be equal to the number of rows of B.
(2) Given an n X m matrix A and an m X r matrix B, their product is an n X r matrix C with

entries given by:
Cij = AilBlj + AiQBQj t ot Aimij «— general “row into

column” rule

example:
Oy, 0y,
0= |B) =

021 22 2

2 X M X 1 matrix

can form their product O|B), which is a 2 X 1 matrix:

by

O|B) = Ou Orz Zl _ (0116, + Oy5b,)
Ot O 2 (0510, + Onby)

3. FEigenvectors and Figenvalues

An eigenvector of an operator O is a vector |\) that does not change its direction when O acts
on it. In other words, the result of acting with O on one of its eigenvectors is just to multiply
the eigenvector by a number (which at most changes its length, but not its direction). This

number is called an eigenvalue of O.

Note: By convention we usually label
eigenvectors by their associated eigenvalues.
So the eigenvector associated with A is called
|A). But of course A and |\) are different
mathematical objects: one is a number and
one is a vector.

O = AN
A is a number: an
eigenvalue of O

|A) and A|A) are two different vectors.
They point in the same direction but
have different lengths.



ezample: Let O be a 4-dim operator with matrix representation in a particular basis given by:

- \
9 0 0 0
0 3/2 0 0
0= /
0 0 2 0
\0 0 0 _7/
Then it has 4 eigenvectors given by:
Y Y Y Y
1 0 0 0
0 1 0 0
|A) = |B) = |O) = D) =
0 0 1 0
0 0 0 1
~ S ~ J ~ J ~ J
Check:
~ N D Y Y
9 0 0 0 1 9 1
0 32 0 0 0 0 ol
0/4) = - 5 514
0 0 2 0 0 0 0
o o o -7JoJ) (o] L0
Similarly: O|B) = 3/2|B), O|C) =2|C), O|D)= —7|D)
We say: “|A) is an eigenvector of O with eigenvalue 5, | B) is another eigenvector of O with

eigenvalue 3/2”, etc...”

4. Hermaitian Operators

A Hermitian operator is a linear operator that only has real numbers as eigenvalues.

(This is important, since we are going to associate eigenvalues with the values of measureable

properties, and all measurements always yield real numbers.)

\

(1) Eigenvectors of a Hermitian operator (that don’t share the same eigenvalue) are all mutually orthogonal.

GSIDE: Some tmportant mathematical characteristics of Hermitian operators:

(2) A Hermitian operator will always have at least one set of eigenvectors that form a basis for the vector
space it is defined on.

(3) If a Hermitian operator on an N-dim vector space has N different eigenvalues, then for each there is a
unique (up to length) eigenvector.

(4) Any vector in a given vector space is an eigenvector for some (complete) Hermitian operator defined on

K that space. A complete operator has eigenvalues that are all different. /




